Abstract. We make use of Heath's, Moriah's and Schultens's results to prove that irreducible Heegaard splittings of orientable Seifert manifolds with nonorientable base space are either vertical or horizontal.
Introduction
The purpose of this paper is to complete the characterization of irreducible Heegaard splittings of orientable Seifert fibered spaces which was given by Moriah and Schultens in [8] for the totally orientable case to the case of orientable Seifert fibered spaces whose fibration is not orientable.
The main Theorem of the paper, which is analogous to [8, In order to prove Theorem 2.19 we make use of the results Schultens proved in [15] , after equipping a Seifert fibered space with boundary with a totally orientable generalized graph structure.
The paper is organized as follows. Section 1 is devoted to the definition of Heegaard splittings of a compact 3-manifold M and to the recollection of known properties of such structures.
In particular, we recall the notion of weak reduction of a pair (M, Σ), where Σ is a Heegaard surface in M, and that of amalgamation of two such pairs. We also recall Scharlemann's and Thompson's characterization of Heegaard splittings of handlebodies and of products F × I, with F a closed orientable surface, and Heath's result about Heegaard splittings of twisted I-bundles.
Section 2 deals with orientable Seifert fibered spaces which do not admit a totally orientable Seifert structure. A natural Heegaard splitting structure on such manifolds is that of a vertical splitting, which is defined as in the totally orientable case. But there are manifolds where the structure of a horizontal splitting can arise, and the two structures are often distinguished by the genus of the Heegaard surface. The definition of horizontal splitting is analogous to that given in the totally orientable case, taking care of the different properties of horizontal surfaces.
We first focus on strongly irreducible splittings of manifolds with nonempty boundary. We equip such a manifold with a totally orientable generalized graph structure, and then use Schultens's [15, Theorem 1.1] to find a suitable isotopy of the Heegaard surface. We obtain the following Theorem.
Theorem 2.12. Any strongly irreducible Heegaard splitting of a Seifert fibered space with nonorientable base and nonempty boundary is vertical.
Strongly irreducible Heegaard splittings of manifolds with boundary are known to be the "building blocks" of weakly reducible splittings. More precisely, any weakly reducible splitting of any manifold M (with boundary or not) can be obtained by amalgamation of strongly irreducible splittings of manifolds which can be obtained by cutting M along suitable incompressible surfaces. We apply this idea and prove the following Theorem.
Theorem 2.14. Any weakly reducible Heegaard splitting of a Seifert fibered space with nonorientable base is vertical.
The only case left out is that of strongly irreducible splittings of closed Seifert manifolds. Here we follow very closely Moriah's and Schultens's paper [8] . First, using strong irreducibility one shows that it is possible to push some fiber f into the Heegaard surface Σ. Then one looks at what Σ looks like in the complement of a fibered neighbourhood of f in M. It turns out that if it is incompressible then either the given splitting is horizontal or the manifold M is a lens space, and that if it is compressible then the given splitting is vertical. As Heegaard splittings of lens spaces are already characterized ( [2] , [8] ), we obtain Theorem 2.19.
I wish to thank Luisa Paoluzzi for many helpful discussions. I also wish to thank Carlo Petronio for suggesting me to work on this subject.
Preliminaries
This section is devoted to the description of Heegaard splittings and their properties. In particular, Lemma 1.6, due to Scharlemann, is of importance. We define the operations of weak reduction of a pair (M, Σ), where M is a compact 3-manifold and Σ a Heegaard surface in M, and of amalgamation of two such pairs, and finally recall Scharlemann and Thompson's results on irreducible splittings of handlebodies and products (closed orientable surf ace) × I.
Compression bodies and Heegaard splittings
A compression body W is a 3-manifold constructed by gluing 2-handles to S × I, where S is a closed orientable connected surface, along a collection of disjoint simple closed curves contained in S × {0}, and capping off any sphere component originating from S × {0} with a 3-handle. The connected component S ×{1} of ∂W is denoted by
There is a dual method for constructing compression bodies. One can start with a (perhaps empty) closed orientable non necessarily connected surface S with no sphere components and a ball B and glue k 1-handles on (S × {1}) ∪ ∂B ⊂ (S × I) ∪ B in such a way that the resulting manifold is connected. Then the resulting manifold is a compression body W with ∂ − W = S × {0}. The cocores of the 1-handles are called meridian disks. A collection Υ of meridian disks for a compression body W is called complete if W \ Υ is either a ball or a trivial compression body. Remark 1.1. Let W be a compression body, and ∆ a collection of properly embedded disks in W . Then the 3-manifold W ′ obtained from W by cutting along ∆ is a union of compression bodies. If in addition ∂∆ ⊂ ∂ + W , then
A properly embedded 1-complex Q such that W collapses to Q ∪ ∂ − W is called a spine of W . A simple closed curve contained in a spine of W is called a core of W .
Spines are related to meridian disks in the following way. Given a meridian disk D, the core of the 1-handle whose cocore is D is an edge of a spine Q, namely the spine formed by the cores of the 1-handles used to build W . Vice-versa, given a spine Q, as W is a regular neighbourhood of Q ∪ ∂ − W , it can be constructed by gluing 1-handles to ∂ − W × I using the edges of Q as cores, and the cocores of these handles are meridian disks. The genus of (W 1 , W 2 ) is the genus of Σ.
In the following, Heegaard surfaces will always be considered up to isotopy. 
such that:
The following result can be found in [ 
Amalgamation and weak reductions of Heegaard splittings
Throughout the whole paper, for X a submanifold or a complex in a manifold M, by η(X) we will denote a regular neighbourhood of X in M. 
where p M and p N denote the projection onto the first coordinate in B M × I and B N × I respectively.
Up to isotopies, we can assume that the attaching disks for W M 1 's and W N 1 's 1-handles have disjoint equivalence classes. Set
) via 1-handles, and so is a compression body. Analogously, W 2 is ob-
We now reformulate a result which comes from [12] . 
Seifert manifolds
We begin by recalling a few known facts. The following Proposition follows from [6, Lemma 1.7].
Proposition 2.1 (Jaco). The only Seifert manifolds which are not irreducible are
Remark 2.2. In the whole of the present work we will assume our manifold to be irreducible and to admit an incompressible vertical torus. This is not a gap in the characterization because:
• any Heegaard splitting of RP 3 #RP 3 is reducible (see 4 of Theorem 1.5) and can be obtained by Heegaard splittings of RP 3 by a standard construction (see e.g. [10] ), and [2] characterizes Heegaard splittings of lens spaces, in particular those of L 2,1 ∼ = RP 3 ;
• the only orientable manifolds which admit a nonorientable Seifert structure without incompressible vertical tori are those with base orbifold RP 2 and at most one exceptional fiber, and these (see the Remark following [9, Theorem 6.2.2]) are either RP 3 #RP 3 or the prism manifolds M(S 2 , e, (2, β 1 ), (2, β 2 ), (α 3 , β 3 )). Thus, up to changing the Seifert structure, irreducible Heegaard splittings are already characterized for these manifolds ( [2] , [8] ).
We now state the results proved in [15] , in order to use them to describe Heegaard splittings of Seifert manifolds with nonorientable base. Definition 2.3. A surface Σ in a Seifert fibered manifold M is vertical if it is saturated with regard to the Seifert fibration; it is horizontal if it intersects every fiber transversely, and it is pseudohorizontal if there is a fiber f ⊂ Σ such that Σ ∩ (M \ η(f )) is horizontal in M \ η(f ). A surface Σ is called pseudovertical if it can be obtained by a collection A of properly embedded vertical surfaces via 1-surgery along a collection Γ of arcs with endpoints on A which projects to an embedded collection of arcs in S.
Given some pseudovertical surface Σ, by general position we can avoid intersections between singular fibers and Σ's graph Γ. Setting F = {singular fibers} if this is nonempty, and F = {one regular fiber } otherwise, as M admits a section out of a neighbourhood of F , we can identify S * = S \ π(η(F )) with its image via this section. Then, as each arc is contractible, we can isotope Γ until it lies in S * . As the following Lemma shows, it is very easy to produce new representations of a given pseudovertical surface that correspond to isotopies. Proof. The required isotopy consists in pushing the chosen arc along the vertical direction until the whole fiber has been traversed. Once more we remark that this is possible because the fibration is trivial over Γ.
Hence we have a move that we can perform on the system of curves and arcs (A∪Γ)∩S * that changes the pseudovertical surface via an isotopy. Such a move will be called a swap. Note that if α ′ is the arc obtained performing a swap along some arc α, when we perform a swap along α ′ we get back the same arc α and the same vertical surfaces.
Remark 2.5. Let M be a Möebius band contained in the base S, and suppose A contains π −1 (∂M). Suppose further that one of the arcs in Γ (call it γ) is entirely contained in M. Then, either γ cobounds a disk together with a subarc of ∂M, or γ is essential in M. In the latter case, swapping along γ produces an inessential vertical torus (because cutting M along γ gives a disk) and an arc γ ′ outside it. As the topology of S has not changed, we conclude that swapping along an arc which is essential in some cross-cap of S has merely the effect of pushing the cross-cap through A.
We will now recall the definition of vertical Heegaard splittings of a Seifert fibered manifold.
Let M be a Seifert fibered manifold with genus-g base S, exceptional fibers F = {f 1 , ..., f m } and boundary components B = {B 1 , ..., B n }; and let E = {e 1 , ..., e m } be the set of exceptional points on S and {b 1 , ..., b n } the set of boundary components of S. Finally, let σ i , for i = 1, ..., n, be a parallel copy of b i such that the annulus cobounded by σ i and b i contains no exceptional points, and let Σ i be the vertical torus over σ i . Then there are three possibilities:
• if n = 0 and m > 0, then fix an exceptional fiberf and partition E \{f} into subsets E 1 and E 2 , and set B 1 = B 2 = ∅;
Now fix a regular base point p ∈ S and choose a properly embedded graph Γ ⊂ S \ {σ i |B i ∈ B 1 } having {p} ∪ E 1 as vertex set and such that S \ (Γ ∪ {σ i |B i ∈ B 1 }) is a regular neighbourhood of ∂S ∪ (E \ E 1 ) or of a point if this set is empty.
Note that the Seifert fibration admits a section when restricted over Γ; we now identify Γ with its image in M via this section. If both n, m = 0 add to Γ the regular fiber over p. Let Σ be the surface obtained via 1-surgery on
It follows from the very definition that the surface Σ is a pseudovertical surface. It is not difficult to prove, using the swap move, that Σ is indeed a Heegaard surface. The following Proposition is very powerful, and will be used later. Proof of Proposition 2.8. We only have to prove the "if" part of the Proposition. First of all, note that given a separating pseudovertical surface Σ, the corresponding family of vertical surfaces A is also separating. This is because it is obtained from Σ by repeated compression of 1-handles, and at each stage the homology class of the surface does not change. In particular, compressing a separating surface yields a (perhaps disconnected) separating surface.
Recall that thanks to general position we ensured that singular fibers are disjoint from Γ, and observe that no isotopy can make one of them lie in A, or we would lose (proper) embeddingness. Now perform swaps so that Γ lies entirely on the same side of A, and cut M along A. What we get is a connected component S Γ containing Γ, and a (perhaps disconnected) part S ′ not containing Γ. Now, π −1 (S ′ ) is Seifert fibered and is obtained by compressing a compression body along the cocores of its 1-handles, hence it is a union of (annuli) × S 1 and solid tori thanks to Remark 1.1 and Lemma 2.9; hence S ′ consists of annuli without exceptional points and disks with at most one exceptional point each.
Now cut S Γ along Γ. To see which pieces one gets, we can swap along Γ and look at the connected components not containing the new set of arcs. This again corresponds to perform compressions of the 1-handles of a compression body. Hence, these pieces are again annuli without exceptional points and disks with at most one exceptional points each.
Hence cutting along Γ kills the whole genus of S and does not leave any two components of ∂S ∪F in the same complementary connected component, thus the splitting is vertical.
Graph structures
We will now make use of some definitions and results of [15] . Definition 2.10. Let M be a 3-manifold. A generalized graph structure on M is a finite graph Γ, with vertex set V and edge set E, such that:
• to each v ∈ V we can associate a 3-manifold M v which is either Seifert fibered or homeomorphic to S v × I, with S v a compact surface;
• to each e ∈ E we can associate a 3-manifold M e homeomorphic either to T 2 × I or to A × I, with A an annulus;
• to each incidence of an edge e to a vertex v such that M e is homeomorphic to T 2 × I we can associate an orientation reversing homeomorphism of a boundary component of M e with a boundary component of M v (note that in this case M v must be Seifert fibered);
• to each incidence of an edge e to a vertex v such that M e is homeomorphic to A×I we can associate an orientation reversing homeomorphism of a connected component of (∂A) × I with a subannulus of ∂M v which is saturated when M v is Seifert fibered and is a connected component of (
• for all vertex manifolds M v ∼ = S v × I the valence of v is equal to the number of connected components of (∂S v ) × I;
The pair (M, Γ) is called a generalized graph manifold. When a 3-manifold M will be given a fixed generalized graph structure, we will abuse language and call M a generalized graph manifold. A portion of the boundary of a vertex manifold M v which is contained in ∂M will be called an exterior boundary, and the union of all exterior boundaries of M v will be denoted by
A generalized graph manifold will be called totally orientable if all of its Seifert vertex manifolds are totally orientable as Seifert manifolds, and all S v 's are orientable surfaces.
In [15 (ii). M e ∼ = T 2 × I and there are simple closed curves c, c
Manifolds with boundary
Let M be an orientable Seifert fibered manifold with nonorientable base S and nonempty boundary, and fix a boundary component B of S. Call g the genus of S. Let α 1 , ..., α g ⊂ S be properly embedded arcs having boundary on B such that S \ (α 1 ∪ ... ∪ α g ) is a disk with holes, taking care that no arc passes through an exceptional point. Let A i be the annulus π −1 (α i ) for i = 1, ..., g. These have boundary on the torus T = π −1 (B); when we cut M along the A i 's we get a Seifert manifold M 0 with base a planar surface and the same exceptional fibers as M: call A Now consider the graph Γ given by the wedge of g copies of S 1 , with vertex set V = {v 0 } and edge set E = {e 1 , ..., e g }. We associate M 0 to v 0 and A i × I to e i for all i; then we realize the incidence of e i on v 0 by gluing A Proof. Let Σ be the Heegaard surface, and equip M with the totally orientable generalized graph structure described above, denoting again with M 0 the vertex manifold. We apply Theorem 2.11, and find an isotopy of Σ so that the following conditions are satisfied:
1. Σ∩M 0 is either horizontal, vertical, pseudohorizontal or pseudovertical.
Note that any horizontal or pseudohorizontal surface must be horizontal near ∂ M M 0 , in particular Σ would meet ∂M, which is clearly absurd. Hence Σ ∩ M 0 is either vertical or pseudovertical.
2. For all i the intersection Σ i = Σ ∩ (A i × I) either consists of incompressible annuli or is obtained from such a collection by 1-surgery along one single arc isotopic into ∂(A i × I). For the same reason we excluded (pseudo)horizontal components before, we see that each annulus in the collection has boundary in A i × {0, 1}.
Note that possibility (ii) of Theorem 2.11 cannot occur because all edge manifolds are homeomorphic to (annulus) × I. Now fix an edge manifold A i × I. Note that a closed curve contained in A i × {0, 1} can be extended locally into M 0 to a vertical surface. Hence, if we have no added arcs, then every incompressible and boundary parallel annulus in A i × I can be pushed through A i × {0, 1} using an innermost argument, and the (pseudo)verticality of Σ ∩ M 0 is preserved. Hence, if we have no added arcs, we can assume that every connected component of Σ i is an annulus which is vertical in the fibration A i × I → A i .
If we have an added arc α in A i × I, note first that it must have endpoints on different components of Σ i , otherwise Σ would be stabilized. If α connects two annuli which are vertical in the fibration A i × I → A i we may push it through A i × {0} to a horizontal arc in M 0 . If Σ ∩ M 0 was vertical, it is now pseudovertical; if it was pseudovertical this condition is preserved, as we may keep α in a neighbourhood of A On the other hand, if α connects two boundary parallel annuli, we have two cases:
1. the two annuli have boundary on the same connected component of A i × {0, 1}. We can then push α through A i × {0, 1} as before.
the two annuli have boundary on different components of
Then we can isotope the corresponding component of Σ i until it is obtained by adding a "dual" horizontal arc α ′ to two vertical annuli (see Figure 2) . Again, we reduce ourselves to the case when we have no arcs in A i × I.
To sum up, we have found an isotopy that puts Σ∩M 0 in (pseudo)vertical position, and the Σ i 's all consist of vertical annuli. When we retract the edge manifolds A i ×I onto A i to recover M, the effect is to retract every connected component of Σ i to a fiber of M. That is, Σ is a vertical or pseudovertical surface. As it is connected, in the former case it is a torus, i.e. M admits a genus 1 Heegaard splitting and hence M is a lens space, whose splittings are all vertical by [2] . In the latter case, Proposition 2.8 implies that the splitting is vertical.
Weakly reducible splittings
Now M will denote an orientable Seifert manifold with nonorientable base, perhaps with boundary.
Lemma 2.13 (Jaco). Let F be a two-sided incompressible surface in M.

Then either F is a vertical torus or annulus, or it splits M into two parts both homeomorphic to some twisted product B×I, or is boundary parallel.
Proof. According to [6, Theorem VI.34], we only need to show that there is no fibration M → S 1 which admits F as a fiber. But such a fibration would induce an orientation on the Seifert fibration we have on M, and this is a contradiction because a "positive" vector along the fiber would induce an orientation on the base S. Proof. Thanks to Remark 2.2, we can always find a curve γ ⊂ S that avoids all exceptional points in S and its preimage under the projection map is an incompressible torus T .
As Σ is weakly reducible, there are disjoint families of essential compressing disks ∆ i ⊂ W i for i = 1, 2 such that the surface Σ * obtained compressing Σ along ∆ 1 ∪ ∆ 2 is incompressible, and each connected component of M \ Σ * inherits a strongly irreducible Heegaard splitting from M (recall Theorem 1.8). We choose the ∆ i 's with the additional constraint that (genus(Σ * ), |Σ * ∩ T |) is minimal according to lexicographical order. Let Σ * 1 be a connected component of Σ * . Thanks to Lemma 2.13, we have two possibilities for Σ * 1 : 1. Σ * 1 is a horizontal surface, and separates M into two twisted I-bundles over a surface F . In this case all components of Σ * are parallel.
Let c be a connected component of Σ * 1 ∩ T ; as both surfaces are incompressible and the number of intersections of T and Σ * was chosen to be minimal, c is essential in both. Let N i (i = 1, 2) be the connected com-
If at least one of the N i 's is a product, then Σ * has at least two connected components and it is easy to see that Σ is reducible.
If both N i 's are twisted products, then Σ * 1 is the only connected component of Σ * , and M is built by gluing together two copies of F×I along some finite-order homeomorphism between their boundaries. We have exactly one vertical arc α i embedded in each of the N i 's which induces a Heegaard splitting on it: we choose α i to lie in the vertical annulus A i which has c as boundary and which is contained in T ∩ N i , and we make sure that (α 1 ∩ c) ∩ (α 2 ∩ c) = ∅. When we reconstruct Σ from Σ * , the A i 's become disjoint disks D i 's lying in different sides of Σ.
Note that as T is two-sided in M, the D i 's can be pushed away from T so that
In addition, Figure 3 shows that ∂D i are nonseparating in Σ * , hence they are essential (when F is not the Klein bottle one sees that the same choice of curves works by constructing F as K 2 #F ′ , thus removing from both K
2×
I and F ′× I a neighbourhood of a fiber, and then pasting the two manifolds via a fiber preserving homeomorphism; F cannot be a projective plane, or the ramified covering map F → S would be a genuine homeomorphism, and its inverse would be a section of the fibration, hence we would have M ∼ = RP The proof is complete.
Horizontal splittings
It is straightforward from the definition that every Seifert manifold admits vertical Heegaard splittings. We shall now describe, following [8] , another construction that may give rise to a Heegaard splitting.
Let M * be a Seifert manifold with nonorientable base and one boundary component, and let S be a horizontal two-sided surface (which always exists as ∂M * = ∅). Thanks to Lemma 2.13, S splits M * into two twisted I-bundles W * 1 , W * 2 over surfaces F 1 ∼ = F 2 : each of the W * i 's is a handlebody. The annuli A i = ∂F i× I, for i = 1, 2, are glued together to build up ∂M * . Fix a Dehn filling of ∂M * , and suppose we obtain a Seifert manifold M. Set W 1 = W * 1 and W 2 = W * 2 ∪ V , where V is the solid torus in the Dehn filling, and let Σ = ∂W 1 = ∂W 2 . Note that Σ embeds in M. In order for Σ to be a splitting surface for M, W 2 must be a handlebody. As in the totally orientable case, the right condition for this to happen is to choose the Dehn filling to glue ∂F 2 to a generator of π 1 (V ). Note that this is equivalent to say that the gluing must have a matrix a b c d ∈ GL(2, Z) with a = 1 in the framing determined by (∂F 1 , regular fiber ).
Definition 2.15. Let M be a Seifert fibered manifold with nonorientable base, and f a fiber. Let S be a horizontal surface in M * = M \ η(f ). If M is constructed from M * via a (1, n) Dehn filling, then the Heegaard splitting constructed above is called a horizontal splitting corresponding to the fiber f .
Closed Seifert manifolds
For the rest of the paper M will be a Seifert manifold with nonorientable base and no boundary. This section is devoted to the study of Heegaard splittings of such manifolds, and it follows very closely [8, Theorem 0.1].
Let x 1 , ..., x m ∈ S be the exceptional points on S; if there are no exceptional fibers fix a regular point and call it x 1 . Let D 1 , ..., D m be pairwise disjoint disk neighbourhoods of x 1 , ..., x m , and set
* and choose simple closed curves α 1 , ..., α g based in p such that the surface obtained by cutting S * along g j=1 α j is a disk with holes. In addition choose simple closed curves c 1 , ..., c m also based in p such that c i cuts off a regular neighbourhood of ∂D i in S * , for i = 1, ..., m. As we removed a neighbourhood of the exceptional points (or of a regular point in which we concentrate the Euler number if there are no exceptional fibers), the surface S * embeds in M, and the manifold M * = π −1 (S * ) is Seifert with base S * . Consider the preimages A j = π −1 (α j ) for j = 1, ..., g and C i = π −1 (c i ) for i = 1, ..., m. The former is a collection of vertical Klein bottles and the latter is a collection of vertical tori, and each element embeds in M. Now cut M along
We obtain a collection V 0 , ..., V m of solid tori, where the exceptional fiber f i is the core of the solid torus V i for i = 1, ..., m. There is one copy of the regular fiber π −1 (p) on each boundary ∂V i for i = 1, ..., m, and 2g copies on ∂V 0 , and all of them are longitudes of the corresponding solid torus.
CallÃ j andC i the annuli obtained from A j and C i respectively when cutting ∂V i , for i = 0, ..., m along the copies of π −1 (p Proof. Thanks to Theorem 2.14, we can assume that Σ is a strongly irreducible Heegaard surface.
Thanks to Proposition 2.18, we may perform an isotopy that brings a fiber f into Σ. Remove an open neighbourhood η(f ) of f from M to obtain a manifold M * , and set Σ * = Σ ∩ M * . We now distinguish two cases. Case 1: Σ * is incompressible in M * . In this case, Lemma 2.13 implies that it is either a vertical annulus, or it splits M * into two twisted I-bundles over a nonorientable surface B; Σ is constructed by gluing the annulus Σ ∩ η(f ) to Σ * . Hence, in the former case Σ is a vertical torus and so M is a lens space and admits a totally orientable Seifert structure with base S 2 . As the result is already known in this case ( [2] , [8] ), we may assume that this does not happen.
In the latter case, the handlebody W 2 may be constructed by gluing a solid torus to one component of M * \ Σ * . As the result yields a handlebody, this gluing must be a (1, n)-Dehn filling. Hence, by Definition 2.15, Σ gives a horizontal Heegaard splitting.
Case 2: Σ * is compressible in M * . In this case, choose a collection ∆ ⊂ M * of disjoint compressing disks for Σ * with the constraint that it minimizes the number of intersections with Σ * : it must be contained entirely in one side of Σ * , say ∆ ⊂ W 2 , otherwise Σ would be weakly reducible (recall Lemma 1.6).
Let Σ * * be the surface obtained compressing Σ * along ∆, and call Σ * * 0 one of its connected components with nonempty boundary. Then Lemma 2.13 implies that Σ * * 0 can either be an annulus, or it can split M * into two twisted I-bundles (and in either case it is the only component of Σ * * with nonempty boundary).
Suppose Σ * * 0 is an annulus. Then there are two possibilities: • either Σ * * 0 is boundary parallel, and it cuts off a trivially fibered solid torus, or
• Σ * * 0 ∪ (Σ ∩ η(f )) ⊂ W 2 is a solid torus which is nontrivially fibered.
Note that Σ * * 0 ∪ (Σ ∩ η(f )) cannot be an incompressible torus, because it can be isotoped entirely into W 2 .
In both cases we may perform a small isotopy so to push f into W 2 , so that it becomes a core. We may now remove a neighbourhood of f from M to obtain a manifold homeomorphic to M * that admits Σ as a splitting surface. This splitting is vertical by Theorems 2.12 and 2.14, and it is straightforward from Definition 2.6 that the given splitting is also vertical.
We claim that Σ * * 0 cannot split M * into two twisted I-bundles W * * 1 , W * * 2
(which are handlebodies, as the surface they fiber on has boundary), or Σ would be reducible. In fact, Σ induces a Heegaard splitting on W * * 1 as follows (recall that ∆ ⊂ W 2 , and that we get W 1 from W * * 1 by drilling out tunnels along the cocores of ∆): first push Σ ∩ η(f ) through ∂M * , then glue the 1-handles that compose W 2 ∩ W * * 1 to a collar of ∂W * * 1 in W * * 1 to obtain a compression body W 
